I. INTRODUCTION
The box-ball system ͑BBS͒ is a reinterpretation of a soliton cellular automaton proposed by Takahashi-Satsuma 1 as a dynamical system of balls in a one dimensional array of boxes. 2 Hence, the BBS shows both a feature of cellular automata ͑CA͒ and that of solitons.
CAs are mathematical idealizations of physical systems in which space and time are discrete, and physical quantities take on a finite set of discrete values. The CAs were originally introduced by von Neumann and Ulam as a possible idealization of biological systems, with the particular purpose of modeling biological self-reproduction. Physical systems containing many discrete elements with local interactions are often conveniently modeled as the CAs. Many biological systems have been modeled by the CAs. The CAs have also been used to study problems in number theory and their applications to tapestry design. The CAs play an important role in various fields like these.
On the other hand, the notion of a soliton arose from a peculiar solution of partial differential equations. 3, 4 Actually, the system in which solitons exist has continuous and smooth mathematical structures, such as an inverse scattering method, a pseudodifferential operator, an algebraic manifold, an infinite-dimensional Lie group and so on. Because of these rich structures, the soliton systems play an important role in various fields of mathematics and physics.
The reason why the BBS has these two completely different features is well explained by the notion of ultradiscretization. 5 Ultradiscretization is a limiting procedure through which we can construct piecewise linear equations or CAs from continuous equations. By taking the ultradiscrete limit, the rich mathematical structures of soliton systems are introduced to the CAs. On the other hand, the useful properties of the CAs for computer simulation are introduced to the continuous systems by inverse ultradiscretization. Using this limiting procedure, the BBSs are obtained from 6,7 Thus the BBS has N soliton solutions and an infinite number of conserved quantities and the BBS is called an "integrable" CA.
The periodic box-ball system ͑PBBS͒ is the BBS in which the updating rule is extended to be compatible with a periodic boundary condition. 8 Let us consider a one-dimensional array of N boxes. A periodic boundary condition is imposed by assuming that the Nth box is adjacent to the first one. ͑We may imagine that the boxes are arranged in a circle.͒ In the generalized PBBS ͑gPBBS͒, the capacity of the nth ͑1 ഛ n ഛ N͒ box is denoted by a positive integer n , and we suppose that there are M kinds of balls distinguished by an integer index j ͑1 ഛ j ഛ M͒. When ∀ n n = 1 and M = 1, the gPBBS coincides with the PBBS. Then, the rule for the time evolution of the gPBBS from time step t to t + 1 is given as follows:
͑1͒ At each box, create the same number of copies of the balls with index 1. ͑2͒ Choose one of the copies arbitrarily and move it to the nearest box with an available space to the right of it. ͑3͒ Choose one of the remaining copies and move it to the nearest available box on the right of it. ͑4͒ Repeat the above procedure until all the copies have been moved. ͑5͒ Delete all the original balls with index 1. ͑6͒ Perform the same procedure for the balls with index 2. ͑7͒ Repeat this procedure successively until all of the balls are moved.
An example of the time evolution of the gPBBS according to this rule is shown in Fig. 1 .
In Ref. 9 , we have established an algorithm to construct the conserved quantities of the gPBBS by means of the ultradiscretization of the nonautonomous discrete KP ͑ndKP͒ equation.
case of one kind of balls ͑M =1͒. We have also proved that, when box capacities are all one, our conserved quantities for M = 1 coincide with those described by the Young diagram.
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In this paper, using a path description and the results obtained in Ref. 9 , we investigate the conserved quantities of the gPBBS for arbitrary M. In Sec. II, we derive the path description of the characteristic polynomial of a particular matrix. In Sec. III, we briefly summarize the results of Ref. 9 , which we will use in the subsequent sections. In Sec. IV, we treat the ndKP equation which corresponds to the gPBBS. We shall obtain an explicit expression for the conserved quantities of the ndKP equation. Using the results in Sec. IV, we construct the conserved quantities of the gPBBS in Sec. V. In Sec. VI, we discuss algebraic aspects of the gPBBS with respect to the affine Weyl group and the crystals of quantum affine algebra. Section VII is devoted to concluding remarks.
II. PATH DESCRIPTION OF CHARACTERISTIC POLYNOMIAL FOR A PARTICULAR MATRIX
For a particular matrix A which contains a parameter in the upper half elements, we give a combinatorial description for coefficients of the characteristic polynomial det͑I − A͒ in and in terms of nonintersecting paths ͑Theorem II.1͒. The result will be used in the subsequent sections to obtain a combinatorial formula for conserved quantities of the gPBBS.
We denote by S X the set of all permutations of elements in X ʚ ͕1,2, ... ,N͖. Let A be an arbitrary N ϫ N matrix, and A n,m denote the ͑n , m͒ element of A. The characteristic polynomial of A is
where ␦ n,m is Kronecker's delta. For J ʚ X, we set
͑2͒
where
We assume M +1Ͻ N. The ͑n , m͒ element of A is the following.
Hence, from ͑1͒, we have
A combinatorial description of the coefficients is possible. By C N,M+1 we denote the N ϫ ͑M +1͒ boxes in Fig. 2 and by ͑n , m͒-box the box at the nth column in the ͑m +1͒th row. We assume that the Nth column is adjacent to the first one. There is a natural correspondence between Let
we denote by P͑d ; ͒ the set of all paths which connect the initial point d and the end point ͑d͒ ͑d X, S X ; cf. This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to IP:
through the same box ͑cf. Fig. 6͒ . When two paths pass through a single box, there are six possible states as shown in Fig. 6 . Except for the state ͑c͒ in Fig. 6 
Since sgn͑͒ = −sgn͑Ј͒ and n,m ͑P i 1
the terms corresponding to ͑P 1 , ... , P i 1 , ... , P i 2 , ... , P N−k ͒ and ͑P 1 , ... ,
If any two of P 1 , ... , P N−k do not intersect, we say that the paths are nonintersecting. Hence only terms corresponding to nonintersecting paths contribute to ͑5͒. Fig. 8 and Fig. 9͒ , and therefore sgn͑͒ = ͑−1͒ j͑N−k−1͒ . In ͑3͒, the upper bound of the summation over j is ͕͓͑N − k͒ / N͔͑M +1͖͒ where ͓ᐉ͔ denotes the largest integer which does not exceed ᐉ.
From ͑3͒ and ͑5͒, we obtain the following theorem. Theorem II.1: For A defined in (2) , it holds that
where n,m are defined in (4) and 
III. gPBBS AND ndKP EQUATION
We briefly summarize the results obtained in Ref. 9 to fix the notations used in the subsequent sections.
A. gPBBS and its equation of motion
In order to describe the dynamics of the gPBBS, we introduce a new independent variable s ͑s Z͒. As any integer s can be uniquely expressed as s = Mt + j ͑t Z ,1ഛ j ഛ M͒, we denote by u n s the number of balls with index j ϵ s mod M in the nth box at time step t = ͓͑s −1͒ / M͔, where ͓x͔ denotes the largest integer which does not exceed x. In other words, the new time variable s is a refinement of the original time, indicating explicitly when balls with index j move.
We assume that n and u n s satisfy the relation
,M͒. ͑7͒
The first and second terms of the left-hand side of ͑7͒ represent the number of spaces and the number of balls in the gPBBS, respectively, hence the left-hand side is the total number of free spaces of the gPBBS. The right-hand side of ͑7͒ is the number of balls with index k. Thus ͑7͒ requires the total number of free spaces of the gPBBS to be larger than the number of copies of any type of ball in the time evolution process. Let us consider the process at time s, i.e., the movement of the balls with index j at time step t where s = Mt + j; we often use s instead of j, i.e., we treat the indices modulo M. If we define n s , which denotes the number of spaces of the nth box at s, by 
B. From ndKP equation to gPBBS
The ndKP equation is obtained from the generating formula of the KP hierarchy. 12, 13 It is given as Furthermore, we define U n s and K n s as
and impose the following periodic condition on U n s :
Then, from ͑10͒, we have
͑12͒
To take the ultradiscrete limit, we set U n s = e u n s /⑀ , K n s = e n s /⑀ , 1/␦ n+1 = e n /⑀ . Then, we found the following.
Theorem III.2 (Ref. 9): The ultradiscrete limit of the constrained ndKP equation with the periodic boundary condition [i.e., (11) and (12)] coincides with the time evolution equation of the gPBBS (8).

IV. CONSERVED QUANTITIES OF ndKP EQUATION
In Ref. 9 we derived the Lax representation for the ndKP equation when it has period N in the spatial variable n. In short, the equation ͑12͒ is equivalent to the matrix equation
here, is an arbitrary parameter. then e k ͓j͔ are also conserved.
From Theorem II.1, we obtain a combinatorial formula for e k ͓j͔ immediately.
Theorem IV.1: Set
in (4) and set = ⌬. Then, for k =0,1, ... ,N and j =0,1, ... ,͓͑N − k͒͑M +1͒ / N͔, it holds that
where ᐉ͑k , j͒ ª ͑j +1͒N − ͑k + j + kj͒.
V. CONSERVED QUANTITIES OF gPBBS
Using the results in Sec. IV, we construct the conserved quantities of the gPBBS. For k =0,1, ... ,N and j =0,1, ... ,͓͑N − k͒͑M +1͒ / N͔, the ultradiscrete limit of e k ͓j͔ is
Since n is the capacity of the nth box,
Therefore, from Theorem IV.1, ue k ͓j͔ is given by the following.
Theorem V.1: Set
in (4) . Then, for k =0,1, ... ,N and j =0,1, ... ,͓͑N − k͒͑M +1͒ / N͔, it holds that An easy way to read off Fig. 11 ͑N =10 , M =5͒, we obtain a table in Fig. 12 . For paths shown in Fig. 13 , 
Occasionally these paths minimize
͚ i=1 N−k ͚ n=1 N ͚ m=0 M n,
VI. DISCUSSION
In this section we discuss some algebraic aspects of the gPBBS. The time evolution of the gPBBS is decomposed into a product of transformations, each of which is a representation of the generators of the affine Weyl group W ͑A M ͑1͒ ͒. 
A. Affine Weyl group and gPBBS
Let T be the set of N ϫ ͑M +1͒ rectangular tableaux with integer entries, and s ᐉ ͑ᐉ Z / ͑M +1͒Z͒ and be mappings: T→T. For a tableau these mappings are given as where FIG. 12 . A table obtained for a state in Fig. 11 ͑N =10 , M =5͒. Here we extend the indices n , m of y n,m for n , m Z by the condition y n+N,m = y n,m+M+1 = y n,m .
The following theorem is proved by direct calculations. 
In Fig. 14 , we schematically show the twisted crystal lattice associated with the gPBBS.
VII. CONCLUDING REMARKS
In this paper, using a path description of the characteristic polynomial of particular matrices and an algorithm to construct the conserved quantities using the Lax representation of the ndKP equation, we showed explicit form of the conserved quantities of the gPBBS. Relations to the affine Weyl group action and the crystal theory were also clarified. An advantage to reformulate the PBBS as crystal lattices is that we can extend it to the crystals associated with other root systems.
Since the gPBBS is composed of a finite number of boxes and balls, it can only take on a finite number of patterns. Hence its trajectory is always periodic and a fundamental cycle, i.e., the shortest period of the periodic motion, exists for any given initial state. In the case where the box capacity is one everywhere and only one kind of ball exists, the formula used to calculate the fundamental cycle is explicitly obtained using the conserved quantities and some rescaling properties of the states. 18 Hence, using the results in this paper, we may get the formula to calculate the fundamental cycle for the gPBBS, which is a problem we wish to address in the future.
